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Abstract 
 
Numerous Abaqus [1] finite element analyses have been carried out using various 
plasticity models to investigate the effect of friction force on the rail head in relation 
to both the development of the accumulated plastic strain (PEEQ) and the changes 
in the depth of PEEQ distribution in the wheel-rail contact. The normal force 
distribution on the rail head was assumed to be Hertzian. The tangential force was 
implemented as a fraction of the normal force in the subroutine. Each analysis was 
carried out for a single pass and the effect of various friction coefficient values has 
been observed. 
 
Keywords: plastic equivalent strain, finite element modelling, wheel-rail contact, 
pressure load, material plasticity, Abaqus simulations, Hertzian contact theory. 
 
1 Introduction 
 
The elastic behaviour of the wheel-rail contact is described using Hertzian contact 
theory [2]. The chapter Contact and Creep-Force Models in the book Railroad 
Vehicle Dynamics [3] explains the procedure of calculating Hertzian parameters by 
assuming an elastic model for the wheel-rail contact. 
Wear and rolling contact fatigue are the sources of damage that account for most rail 
maintenance costs. The increasing demand for rail transport requires rail stresses to 
be increased to a maximum with the highest possible speed also. The wheel-rail 
contact occurs in an area less than 50mm2 and two main forces are active on the rail 
head: the vertical force and the friction force. 
When considering two bodies in contact under a static load and with no slip i.e. no 
relative movement at the contact, there shear will not occur at the interface. 
Therefore the shear stress acting is equal to zero [4]. However, if the contact load is 
sufficiently high, then the maximum shear stress will exceed the yield stress of the 
material and plastic deformation place. Material will then deform along the line of 
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action of maximum shear stress. Principle stresses (σx & σy) & shear stress (τ) varies 
with the depth below the interface.  
Rolling contact refers to the relative angular motion between two bodies in contact 
about an axis parallel to their common tangent plane [5]. Rolling, in general, results 
in an increase in contact area and a subsequent modification of the Hertzian stress 
field in both dry and lubricated conditions. The most critical influence on subsurface 
stress fields, however, is exerted by sliding. To illustrate the effect of sliding on the 
stress distribution, consider two bodies in contact with some sliding occurring 
between them. Frictional forces are the inevitable result of sliding and cause a shear 
stress to act along the interface [4].  
Stress contours diagram by Johnson [5] show that the principal shear stress is due to 
the combined normal pressure and tangential stress for a coefficient of friction μ = 
0.2. It can clearly be seen that as friction force increases, the maximum shear stress 
moves towards the interface. Thus there is a gradual increase in shear stress acting 
at the interface as the friction force increases. This phenomenon is very important in 
crack formation and the subsequent surface failure [4] and is the focus of this 
analysis. Change in the stress depth with the increase of traction is the common 
practice in wheel-rail contact mechanics to identify the rail life with the shake down 
theory. This study focuses on the suitability of using PEEQ instead of shear stress to 
predict the rail life. 
 
 
2 Finite element model 
 
2.1 Development of pressure loaded three-dimensional finite 
element model 
 
The development of the pressure loaded rail model closely follows the work done 
by Ringsberg et al [6]. The present rail model, developed for analysis, is 80 mm 
long. The model is divided into two parts, i.e. a bottom part and inner top part. The 
parts are meshed separately as shown in Figure 1 and Figure 2 respectively. The 
inner part is of primary concern as the pressure extends 8mm from the centre of the 
rail head and is 16mm in width in total. It is defined to a depth of 16mm at the 
centre of the rail head.  
 
 
 
Figure 1. Mesh of the rail bottom part. 
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Figure 2. Meshed rail top. 
 
The rail solid model as used for the analysis and generating results is shown in 
Figure 3. An elastic-plastic material model defines the materials in the rail top part, 
since this is the volume within which plastic deformation is likely to occur as a 
result of the wheel-rail rolling contact. The outer part represents the elastic 
surroundings of the rail, where only elastic deformation occurs, and is of less 
interest in the current investigation. The material of the outer part is therefore 
modelled using a linear-elastic material model. Therefore only a thin material layer 
in the vicinity of the wheel-rail contact region is assumed to experience plastic 
deformation. Additionally both parts are meshed by solid brick elements using a 
mapped option, i.e. a so-called structured mesh. The mesh density of the centre top 
part has a higher mesh density compared to the bottom part as clearly seen in Figure 
3. The mesh density of the inner part gradually decreases downwards form the rail 
head surface. The mismatch between the element meshes of the adjoining surfaces 
between the inner and outer parts is controlled using the Abaqus “tie” constraint. 
This constraint causes adjoining surfaces to deform by equal measures. 
 
 
 
Figure 3. The full meshed rail model. 
 
The distributions of contact load and traction load from the wheel-rail contact are 
applied to the centre of the rail top part by using Abaqus subroutines DLOAD and 
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UTRACLOAD. This analysis assumes single point contact even though it is 
unlikely in the practical scenario. During this analysis, a function using the 
coordinates as variables was used to describe the contact pressure as a Hertzian 
distribution. Therefore the 3-D Hertzian contact equations were used to define the 
contact ellipse semi-axes and the maximum contact pressure with the selected load 
condition [7] [8]. (A calculation summary is attached in Appendix 1.) All the 
degrees of freedom are restrained at the bottom of the rail model. 
 
2.2  Material model 
 
Bower [9] carried out uniaxial experiments for the normal grade rail steel and from 
the results several material models were developed to describe rail material 
behaviour. Kapoor et al [10] studied the material responses of an elastic-plastic 
material to cyclic loading and categorized them in to four categories depending on 
the stress-strain behaviour. The main focus in this publication is the study of stress 
and stress changes with increasing load. So the multiple cycles and the cyclic 
hardening parameters obtained by Kapoor are not considered in the current study. 
Material models are described by constitutive equations governing the stress or the 
strain response for a material for a given stress or strain history. In the current study, 
the nonlinear isotropic /kinematic cyclic hardening model in Abaqus [1] was used to 
define classical metal plasticity. Even though cyclic hardening parameters were not 
studied, they were put on the material data section as all the considering material 
models in this study calculate the cyclic hardening parameters. The material model 
used [1] is the one developed by Chaboche and Lemaitre [11]. In the Chaboche 
model, there are five material parameters that need to be optimized. These material 
parameters were found from the literature. Four material models, which were 
developed mainly from the experimental results of Bower, can be found in the  
Table 1. Five parameters (c, γ, b, Q∞, σ0) were calibrated to uniaxial experimental 
data from cyclic tension-compression experiments on cylindrical specimens. 
Four previously developed material models used different methods to calculate the 
parameters for their studies. 1997 Johansson and Thorberntsson [12] used Matlab 
[13] to optimised the five parameters in their case, using Bower’s [9] experimental 
results as the basis for their study.  
1999 Ringsberg et al [6] used the same model developed by Johansson and 
Thorberntsson [12] for his studies but the obtained material parameter values after 
Matlab optimization is differed to the one that previously obtained by Johansson 
and Thorberntsson So during this study it assumes that Ringsberg [6] follow the 
same method but he optimize the parameters to match his loading conditions and 
materials. For example the experimental data is from the uniaxial experimental data 
is not the best option for FE simulations that show multiaxial stress state response. 
In his simulations he takes the initial stress σ0 from the experiments as 406 x 106 
N/m2. 
The third material model parameters are the one produced by Ekh et al [14] in 2000 
using the Armstrong-Frederick kinematic hardening model [15] and the isotropic 
hardening law. In their study Ekh et al consider three material models (A, B and J-
S) and only the model A that consider for this study consider isotropic hardening 
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studied here. After the calibrations Ekh et al come up with parameters similar to the 
ones optimised by Johansson and Thorberntsson. The only difference is on the value 
“b” as can be seen in  
Table 1. 
Fourth model is developed in 2001 by Schleinzer and Fischer [16] and they  carried 
the optimization for the normal grade rail steel UIC 900A. This study has a 
significant improvement over the other three models explain above. It published the 
data up to three back stresses. Multiple back stresses used in nonlinear kinematic 
hardening models to significantly improve the analysis results in the plastic 
hardening process. Multiple back stresses means in other terms is the several 
kinematic hardening components. The results were validated with the uniaxial 
cyclic test that they performed.  
 
  Johansson &  Thorberntsson 
Ringsberg et 
al 
Ekh et 
al 
Schleinzer  
& Fischer  
σ0 (MPa) 543 406 543 379 
Q∞(MPa) 22.8 152 22.8 189 
γ 0.81 3.12 0.81 55,600,2000 
b 0.47 3.97 10.7 500 
c (MPa) 6490 13200 6490 24750,60000,200000 
E(MPa) 209000 209000 209280 206000 
v 0.29 0.29 0.29 0.28 
ρ(kg/m3) 7820 7820 7820 7820 
 
Table 1. Material properties of the different models. 
 
The density of the rail material was only given in the Ringsberg model. So the same 
density is used amongst all four models as the density of normal grade material is 
mostly similar. 
 
 
 
 
 
3 Wheel-rail data and loading conditions 
 
3.1 Rail track and wheel dimensions 
 
The rail and wheel dimensions for the present model have been taken from 
Ringsberg [6]. The wheel radius at the running circle for the motor coach as 0.46m 
and the radius of the rail head at the axis of symmetry is 0.3m. The rail track was 
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considered to be straight and it was assumed that contact occurs at the centre of the 
rail head. 
3.2 Loading conditions 
 
In this study, a load distribution consistent with a theoretical Hertzian contact patch 
was applied to the rail-head. The semi-axes of the contact patch were calculated 
using the method described in the Appendix 1: Calculation of Hertzian contact 
parameters. The rail and wheel dimensions and the material properties as defined 
previously were used to complete the calculations. 
The axle load of 14 tonnes, corresponding to a rail normal force of 70000 N, was 
used for the current investigation of all four models. The friction force was applied 
as a proportion of the normal force by multiplying the normal force by the friction 
coefficient. The two forces were applied as Abaqus subroutines DLOAD and 
UTRACLOAD. The details of the subroutines were discussed in the Abaqus 
subroutine manual [17]. 
The objective of this study was to document the change of stress and strain in the 
contact patch under changing friction coefficient, i.e. the effect of traction on the 
stress and strain behaviour in wheel-rail contact. All of the material parameters were 
kept constant in the above four models, with the friction coefficient on the rolling 
direction changing from 0.00 to 0.40 in 0.05 intervals. 
 
4 Results from the finite element simulations 
 
Graph 1 below shows the summary of the finite element analysis results along the 
rail cross section. The selected path was exactly at 40mm (midpoint) along the 
analysed small rail length.  
Figure 4 shows the path considered for analysis. The data was taken by changing the 
friction coefficient from 0 to 0.40 by 0.05 intervals after one wheel pass. 
 
 
 
Figure 4. The path considered for the analysis. 
 
Nine different analyses were carried out with different friction coefficient values for 
the material model data of Ringsberg [6] The effect of the increase in friction 
coefficient can be understood from Figure 5.  . This compares the PEEQ distribution 
Path 
considered for 
analysis. 
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at the midpoint along the rail length. As the friction coefficient increases the 
Maximum PEEQ generating point comes to the surface of the contact bodies. 
 
 
 
 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 5. The effect of friction coefficient to the distribution of PEEQ along the rail 
head for Ringsberg et al [6] material model parameters. 
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Graph 1. PEEQ generation along the rail cross section with different friction 
coefficients 0-0.40. According to Ringsberg et al [6] model parameters. 
 
 
Graph 1 provides the summary of the nine different analyses carried out at different 
friction coefficients. For the friction coefficients 0 (which is no friction), 0.05, 0.10, 
0.15, 0.20 and 0.25 the maximum PEEQ is below the rail top. But with the increase 
in the friction coefficient which is traction, the maximum PEEQ comes close to the 
rail top surface. The starting range is around 0.3.  
 
 
 
Graph 2. PEEQ generation along the rail cross section with different friction 
coefficients 0-0.30. According to Ringsberg et al [6] model parameters. 
 
Graph 2 is considering only the first seven analysis of the Graph 1, where clear 
indication of the PEEQ changes can be found. 
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Figure 6. The effect of friction coefficient to the distribution of PEEQ along the rail 
head for Johansson and Thorberntsson [12] material model parameters. 
 
Figure 6 shows the ABAQUS images of the rail head PEEQ generation with 
changes in friction coefficients 0-0.40 with 0.05 increments. The last two sets 
shown with different scale as it is helpful to identified differences in first seven 
images. 
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Graph 3. PEEQ generation along the rail cross section with different friction 
coefficients 0-0.40. According to Johansson et al [12] material model parameters. 
 
 
 
 
 
Graph 4. PEEQ generation along the rail cross section with different friction 
coefficients 0-0.30. According to Johansson et al [12] material model parameters. 
 
 
 
 
Graph 4 is considering only the first seven analysis of the Graph 3, where clear 
indication of the PEEQ changes can be found. 
‐0.01
0
0.01
0.02
0.03
0.04
0.05
0 1 2 3 4 5 6 7
PE
EQ
Distance from the top of rail head center. (mm)
PEEQ generation along the rail cross section with variable friction 
cofficients. 
0
0.05
0.1
0.15
0.2
0.25
0.3
0.35
0.4
‐0.0005
0
0.0005
0.001
0.0015
0.002
0.0025
0.003
0.0035
0.004
0.0045
0.005
0 1 2 3 4 5 6 7
PE
EQ
Distance from the top of rail head center. (mm)
PEEQ generation along the rail cross section with variable friction 
cofficients. 
0
0.05
0.1
0.15
0.2
0.25
0.3
11 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 Figure 7. The effect of friction coefficient to the distribution of PEEQ along the rail 
head for Ekh [14] material parameters. 
 
Figure 7 shows the ABAQUS images of the rail head PEEQ generation with 
changes in friction coefficients 0-0.40 with 0.05 increments. The last two sets 
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shown with different scale as it is helpful to identified differences in first seven 
images. 
 
 
 
Graph 5. PEEQ generation along the rail cross section with different friction 
coefficients 0-0.40. According to Ekh [14] material parameters. 
 
 
 
 
Graph 6. PEEQ generation along the rail cross section with different friction 
coefficients 0-0.30. According to Ekh [14] material parameters. 
 
 
 
Graph 6 is considering only the first seven analysis of the Graph 5, where clear 
indication of the PEEQ changes can be found. 
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Figure 8. The effect of friction coefficient to the distribution of PEEQ along the rail 
head for Schleinzer & Fischer [16] material model parameters. 
 
Figure 8 shows the ABAQUS images of the rail head PEEQ generation with 
changes in friction coefficients 0-0.40 with 0.05 increments. The last two sets 
shown with different scale as it help to identify the differences in first seven images. 
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Graph 7. PEEQ generation along the rail cross section with different friction 
coefficients 0-0.40. According to Schleinzer & Fischer [15] material model 
parameters. 
 
 
 
 
Graph 8. PEEQ generation along the rail cross section with different friction 
coefficients 0-0.30. According to Schleinzer & Fischer [16] material model 
parameters. 
 
 
Graph 8 is considering only the first seven analysis of the  
Graph 7, where clear indication of the PEEQ changes can be found. 
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5 Discussion 
 
It is important to identify from the above summarised (Table 1) material parameters 
were used only two material models data. First material model developed by 
Johansson and Thorberntsson [12] is the base model used by Ringsberg et al [6] and 
Ekh et al [14] which actually Johansson and Thorberntsson are also authors of the 
publications. All three models used the results from Bower [9] experiments The 
second model developed by Schleinzer & Fischer [16] is for the rail steel UIC 900A 
is based on their own experiment results and methodology using Caboche’s [11] 
model. So during the discussion main focus to discuss the two models considering 
Ringsberg et al [6] results and the Schleinzer & Fischer [16] results.  
 
 
Kapoor [18] study the material failure with low cycle fatigue due to close strain and 
ratchetting failure due to open strain. Further in to his researches with Franklin [19] 
Kapoor investigate the wear and crack initiation using shear stress distribution on 
the rail head with different friction coefficients. The previous researches consider 
the shear stress distribution as the Finite Element Model data output to predict the 
life of rail material. The main objective in this research is to identify the in PEEQ 
with the traction changes. Previous studies of Johnson [5] found a mathematical 
method to calculate the depth of the contact surface where maximum stress occurs. 
In his calculations he numerically investigates the point where maximum shear 
stress occurs and it can be prove using the Finite Element modelling as well. 
 
 
The problem with the consideration of shear stress is that with the higher contact 
loads the maximum stress comes close to the surface even without the traction load. 
The Graph 9 below is taken from the analysis with 0.00 friction coefficient (i.e. 
without traction) at 70kN load. The elements 1-9 taken along the rail cross section at 
the 40mm length (half of the total length). The history output Von Misses Stress 
taken for the whole period. At this loading condition the maximum stress almost 
reached at the third element which is 0.6mm from the rail top surface. It is already 
close to the rail top. At the same loading condition the maximum PEEQ is at the 6th 
element which is 1.9mm below the surface which is shown in Graph 10. The next 
comparison is for the same elements with the 0.3 friction coefficient (where the 
maximum PEEQ reached to the rail top while increase from 0.0 friction coefficient). 
Here the maximum PEEQ at the rail top surface and decreased gradually till the 9th 
element. 
 
 
So the uses of PEEQ giving more range in terms of cross section depth to achieve 
its maximum value. And the other advantage of using PEEQ as FEM output is that 
it is not necessary to use history output data as the strain change is available at the 
end of the analysis. In Graph 10 and Graph 12 it is clear that after 0.4 seconds we 
can get the strain changes. With stress, we have to use history output data to track 
the stress values. 
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Graph 9. Von Misses Stress Vs Time of nine elements at the centre of the rail 
length, along the cross section with no traction. 
 
 
 
 
 
 
 
Graph 10. PEEQ Vs Time of nine elements at the centre of the rail length, along the 
cross section with no traction. 
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Graph 11. Von Misses Stress Vs Time of nine elements at the centre of the rail 
length, along the cross section with 0.3 friction coefficient. 
 
 
 
 
 
 
 
Graph 12. PEEQ Vs Time of nine elements at the centre of the rail length, along the 
cross section with 0.3 friction coefficient. 
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6 Conclusions 
 
Based on the analysed models and results, it is concluded, 
• At lower traction levels with higher vertical loads, the maximum PEEQ is 
generated at a higher depth below the surface than to the maximum misses’ 
stress.  
• At the 0.0 friction coefficient (zero traction) level maximum PEEQ is at 1.9mm 
below the surface and maximum misses’ stress at 0.3mm below the surface. At 
the 0.3 friction coefficient maximum PEEQ reaching the surface in all analysed 
material models where it is gradually decreased along the rail cross section. So 
the PEEQ is a better parameter to study the rail wear. 
• That this phenomenon can be use with previously developed ratchetting theory 
to predict the rail life. 
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Appendix 1: Calculation of Hertzian contact parameters. 
 
According to the Hertzian contact theory, the contact area of a wheel and rail is 
elliptical in shape, with the major and minor semi-axis and b respectively. The 
contact pressure P distribution in this area can be expressed as [5] 
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Where F is the applied normal load. According the developments of the FEM the z 
axis extends along the major axis and the x axis along the minor axis as shown in 
Figure 3. The magnitudes of axes a and b depend on the normal load, wheel and rail 
profiles and materials. 
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Where K1 and K2 are constants that depend on the material properties of the two 
bodies and are given as follows, 
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Where Ei and Ej are the Young’s modulus of elasticity of the two bodies and Vi and 
Vj are the Poisson ratios of the two bodies. 
And K3 is a constant that depends on the geometric properties (i.e. the principle radii 
of curvature of the surfaces of two bodies at the origin) of the two bodies and 
defined as follows, 
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The Coefficients m and n are given by Hertz in the Table 2 as a function of the 
angular parameter θ for the values 00 and 1800 [2]where θ defined as, 
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߮ is the angle of the orient difference in the principle axis of the two bodies. Also 
called yaw rotation. For the current study ߮ is taken as 00..  
 
 
θ (deg) m n θ (deg) m n θ (deg) m n 
0.5 61.4 0.1018 10 6.604 0.3112 60 1.486 0.717 
1 36.89 0.1314 20 3.813 0.4125 65 1.378 0.759 
1.5 27.48 0.1522 30 2.731 0.493 70 1.284 0.802 
2 22.26 0.1691 35 2.397 0.530 75 1.202 0.846 
3 16.5 0.1964 40 2.136 0.567 80 1.128 0.893 
4 13.31 0.2188 45 1.926 0.604 85 1.061 0.944 
6 9.79 0.2552 50 1.754 0.641 90 1.0 1.0 
8 7.86 0.285 55 1.611 0.678    
 
Table 2. Hertz Coefficients m and n [3]. 
 
 
To use with the computer simulations and calculations, an alternative approach to 
the numerical interpolation is to develop closed-from expressions for the 
coefficients m and n as functions of θ. The following equations were proposed by 
Shabana et al [20]. 
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Where θ given in radians and the coefficients used for the Closed-Form Functions m 
and n is on the Table 3. 
 
Coeff. Value Coeff. Value 
Am -1.086419052477 An -0.773444080706 
Bm -0.106496432832 Bn 0.256695354565 
Cm 1.350000000000 Cn 0.200000000000 
Dm 1.057885958251 Dn -0.280958376499 
 
Table 3: Coefficients used for the Closed-Form Functions m and n [20]. 
 
